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ON THREE DIMENSIONAL DETERMINANTS.* 
By E. R. HEDBiCK.f 

1. Introduction. 

The extension of the idea of ordinary (or plane) detenninants to arrays 
in three dimensions was first made by de Grasparisf in 1861, who defined a de- 
terminant of three dimensions, and gave some simple' theorems, including the 
multiplication theorem. He was followed by Padova, § Armenanti, |J Garbieri,! 
Zehfuss,** and Dahlander ;tt of whom the latter two probably worked inde- 
pendently of de Grasparis. None of these papers contain much new work, 
except that of Zehfuss, who gives the expressions for some elementary invari- 
ants. Later, several more important papers appeared, by Lloyd Tanner, J $ 
Scott, §§ Gregenbauer, |||| and von Escherich.lIT Of these, the papers of 
Scott and Gegenbauer are most important. Scott deals mainly with determi- 
nants of special form ; and Gegenbauer studies determinants of special form, 
and the application of the work to the invariant theory and to complex num- 
ber systems. Both Gegenbauer and von Escherich have complicated their 
work greatly, and it would seem needlessly, by working in m dimensions at 

* This paper was read before the American Mathematical Society at the meeting of Feb. 
25, 1899. 

t A considerable portion of the material for tills paper was prepared in collaboration \rith 
Mr. W. D. Cairns, now of Oberlin College, O. ; but he should not be held responsible for any 
statements made in it. 

X A brochure entitled " Sur les d£terminants dont les 61£ments ont plusieurs indices." [I 
have not seen this brochure.] Also: Bend, dell' accad. Napoli., vii, p. 118, 1868. 

§ Batt. (tior. di Mat., vi, p. 182. 

II Ibid., VI. p. 175. 

\lbid., XV, p. 89. 

** Ueber eine Hrweiterung des Begriffea der Beterminanten. Frankfurt a -M., 1868. 

tt Ofoers. af K. Vet. Akad. FSrh. Stockholm, 1863, p. 295. 

XXBroc. Lond. Math. Soc, x, 1879, p. 167. 

§§ Ibid., XI, 1880, p. 17; ibid., xni, 1882, p. 33. 

nil men. Akad. Denkschriften, Bd. 43, 1881, p. 17; ibid., Bd. 46, 1883, p. 291; ibid., Bd.50, 
1885, p. 145; i6id!., Bd. 55, 1889, p. 39; ibid., Bd. 57, 1890, p. 739. Wien. Akad. Sitzungsbe- 
riehte, Bd. 101,2*. 1892, p. 426. 

W Wien. Akad. Benksehriften, Bd. 48, 1881, p. 1. 

(49; 
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once, in place of 3 dimensions. For while essentially new ideas are introduced 
in passing from two to three dimensions, the generalization past that point is 
perfectly obvious and presents nothing new.* 

In this paper, it is proposed to take a somewhat new point of view, in 
basing the work on a new definition of the determinant. The work will be 
done for 3 dimensions only, thus securing the aid of a geometric picture. It 
is hoped that the simplicity thus gained will more than compensate for the 
slight labor of extending the theorems to the case of m dimensions. In the 
course of the paper several results will be stated, which are believed to be 
new. 

2. Definition. 



Let us think of n* elements placed in an aiTay in a cube in a manner 
similar to the arrangement of n^ elements in a square to form an ordinary de- 
terminant. There will be three mutu- 
ally perpendicular lines, which we will 
call row», columns, and files, respect- 
ively, if they are horizontal, vertical, 
perpendicular to the plane of the paper. 
There will be three mutually perpen- 
dicular planes, which we will call lay- 
ers, sections, and sheets, respectively, 
if they are perpendicular to the columns, 
rows, files. 

We now definet the value of the 
cubic} deteiminant to be the algebraic 
sum obtained by adding all possible de- 
terminants formed by taking any set of 
n columns, no two of which lie in the same section or sheet, and constructing 
a determinant of tiiese columns, placing them in the order in which their 




nn' 



* Reference to the subject Is made in the following, also. It is believed that these make the 
list fairly complete. (1) Waelsch, Wien,. Monatihefle, ix, p. 213. (2) Encyklopadie der 
Math- WUs., Bd. I, p. 45. (3) Giinther, Lehrbuch der Determinantentheorie, p. 186 et seq. 
(4) Scott, Theory of DeUrminants, pp. 89-98. (6) Mansion, ElemenU de la theorie det 
determinants, Ed. 1883, p. 22 (note). 

t This definition is strictly analogous to the definition of ordinary determinants in terms 
of prodacts. 

} So, in general, we should define a determinant of m dimensions (or of doM m) to be 
equal to the sum of nl determinants of class (m-l). 
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respective sheets occur in the cubic determinant ; and affixing the sign + or 
— according as the number of inversions in the order of the sections from 
which the columns came, is even or odd. There are n I ordinary determinants 
in the expansion of a cubic determinant of order n. Thus for a determinant 
of the third order : 
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It is seen from this expansion that the sign of any determinant in the 
expansion will be + or — , according as the number of inversions in it of the 
last subscript (in the above notation) is even or odd. 

Also, the cubic determinant is seen to be equal to the sum of the products 
formed by taking the product of any n elements, no two of which lie in the 
same layer, section, or sheet and affixing to it the sign + or — , according as 
the sum of the number of inversions of the two subscripts, when the letters 
are arranged alphabetically, is even or odd.* There are (n !)* terms in this 
expansion. 

It now follows that in the above definition we may interchange the words 
layer and section, and simultaneously the words row and column, for the final 
developments will be precisely as before.- Thus, in the previous example : 
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+ four more similar determinants. 



* This has been taken as a definUion by other writers, and the above deflnition deduced as 1 
theorem. 
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If we wish to develop hy files, we shall find no development into ordi- 
nary determinants.* If we define a function, however, which is formed exactly 
like an ordinary determinant, except that each of its terms is positive : 






= 2^K*2 • • • • ?«) 



^?i Ja • • • ?« 

we see at once that we may develop by files in terms of these Scotfs func- 
tions, ■\ as I shall call them. Form all the Scott's functions possible by taking 
for the rows any n files of the cubic determinant, no two of which lie in the 
same layer or section ; affix to each the known sign of its principal diagonal ; — 
the sum of these functions is the cubic determinant. For, it is seen that 
every terai resulting from the complete expansion of the cubic determinant 
occurs (except perhaps for sign) in the complete expansion of this sum of 
Scott's functions. Moreover, the signs will be correct. For the sign of all 
toi-ms resulting from the expansion of any one of the above Scott's functions, 
will be the same in the complete development of the cubic determinant. 

3. Elementary Theorems. 

In the following theorems, the proofs will be indicated only when some 
point is particularly interesting or difficult. In general the metiiod of proof 
is to develop the cubic determinant into ordinary determinants, when the 
truth is at once seen. No effort has been made to render this list complete, 
for too many theorems suggest themselves at once by analogy from two di- 
mensional determinants ; and only those will be found here which are to be 
used in tliis paper. The first writer who has stated a theorem is indicated in 
parentheses at its close. The proofs in this paper are generally different from 
those given by others, as the theorems themselves, in all cases, were found inde- 
pendently. The writer regrets not having seen de Gasparis' first paper. 

( 1 ) . In any cubic determinant, the sections may be interchanged with the 
layers, in order, witliout altering the value of the determinant. But the 



♦ This lack of sj'mmetry is essential, and is noticeable throughout the work. It is due to the 
fact that the number of inversions of three series of numbers when grouped into sets of three 
each, one from each set, is not constant when the order of arrangement of the sets is changed. 

t Such a function has been defined and used by F. B. Scott : Proc. Land. Math. Soc., Vol. 
xiu, p. 36. 
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sheets cannot so be interchanged either with the sections or with the layers. 
(Padova.) Proof by development into plane determinants, by Sec. 2. 

(2). In any cubic determinant, if two adjacent sections be interchanged, 
the determinant changes sign. The same thing is true for layers. But any 
two sheets may be interchanged without any alteration of the determinant. 
(Dahlander.) Proof by development into plane determinants. 

(3 ) . If each of the elements of any layer (or section) be equal to the cor- 
responding element of any other layer (or section), the determinant vanishes. 
But two (or any number) of the sheets may be identical, and the determi- 
nant will not necessarily vanish. (Dahlander.) Proof by development into 
plane determinants. 

(4) If each of the elements of any plane (layer, section, or sheet) be 
multiplied l>y any quantity, the value of the determinant is multiplied by that 
quantity. (Gegenbauer, 1881.) Proof by development into plane determi- 
nants by Sec. 2 ; or into Scott's functions if we are dealing with sheets (and 
hence tiles). It is necessary to notice that if any row of a Scott's function be 
multiplied by any quantity, the function is multiplied by that quantity. This 
coniea directly from the definition. 

(5). The value of a cubic determinant in which all n sheets are equal, is 
n ! times the plane determinant formed from the elements in any one sheet, as 
they stand. (Dahlander.) Proof direct by development by columns, e. g., by 
Sec. 2. 

(6) . The value of a cubic determinant in which, of the n sheets, the first 
q are equal to the first, while the remaining {n—q) are equal to the (y + l)th 
identically, is q\ {n — q)\ times the sum of the n\ j q\ (n—q) I determinants 
formed by replacing in the 1st sheet, any {n—q) columns (or rows) by the 
corresponding {n—q) columns (or rows) of the (5'+l)th sheet. (Scott, 1882.) 
Proof direct by development by columns (or rows) by Sec. 2. This theorem 
can easily be extended to the case where qi sheets are equal to the I'th, where 
2 qi = n. 

(7). A cubic determinant in which any two sheets are composed of col- 
umns (or rows) such that every column (or every row) in each, is some 
multiple of a single column (or row) vanishes identically. For, each plane 
determinant in the development by colunms (or rows) vanishes. 

(8). Let us define iha principal diagonal to be that diagonal of the cube 
which contains the elements *aji, b.^, Cj3, etc. Let us define the diagonal plane 

* See p. 61 for notation. 
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of rows (or columns, or files) to be that diagonal plane of the cube which con- 
tains the row (or column, or file) through an. And let us call the diagonal 
plane of files the principal diagonal plane. 

If all the elements of any cubic determinant vanish, except those in the 
principal diMgonal plane, the value of the determinant is equal to the value of 
the Scott's function formed of the elements in this plane, as they stand. (Scott, 
1881.) Proof by development by files by Sec. 2. 

Likewise, if all the elements are zero except those in the diagonal plane 
of columns (or rows JT the determinant is equal to the ordinary determinant 
formed of the array of elements in that plane, as they stand. Proof by de- 
velopment by columns (or rows). 

(9). If we denote as a skew symmetric cubic determinant, a deteiminant 
whose elements are such that all those in the principal diagonal plane vanish, 
while those on one side of it are got from those on the other by reflecting 
them in the principal diagonal plane and then changing their signs, a number 
of theorems for ordinary skew symmetric determinants may be generalized. 
The following will be typical : 

A skew symmetric cubic determinant of odd order, vanishes. For, multiply 
each sheet through l)y —1. Then since n is odd, the determinant will change 
sign, by (4). But the effect of this operation is merely to interchange the sec- 
tions and layers, and hence the value is unchanged, by (1). Hence that value 
must be zero. (Gegenbauer, 1883.) 

( 10) . To form the derivative, with regard to a variable, of a cubic deter- 
minant of order n, whose elements are functions of that variable, write down 
the cubic determinant n times, diflerentiate every element in any one sheet 
(or layer, or section) in each determinant, not taking the same one twice, and 
the sum of the determinants so formed will be the required result. This can 
be proved at once by expanding by columns (or rows), and then differentia- 
ting by the ordinary rule. 

(11). Let us now define the minor of any element of a cubic determinant to 
be the cubic determinant formed by striking out of the given determinant the 
three planes through this element. The co-factor of any element is the minor 
of that element taken with the sign plus or minus according as the sum of the 
two sul)scripts of the given element is even or odd. It is seen that the sign of 
the co-faotor will be the same all along any file ; and that the sign of the co- 
factor for the elements in any sheet is found precisely as if tiie array in that 
sheet were an ordinary determinant. 

Any cubic determinant is equal to the sum of the products of the ele- 
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ments in any one plane multiplied by their respective co-factors. The proof 
is analogous to that for ordinnry determinants, and depends upon the expan- 
sion of the given determinant into ordinary products. (Dahlaiider.) A proof 
by Sec. 2 is also easy. 

(12). Hence, if two cubic determinants nre identical exce|)t for the ele- 
ments of some one given plane in each, their sum is the cubic determinant 
identical with either except for this same plane, any element of which is the 
sum of the corresponding elements in the two given determinants. (Dahlander. ) 

Conversely, if the elements of any pliine of a cubic determinant are all 
polynomial, it may be written as the sum of several cu!)ic determinants, in an 
obvious manner. (Dahlander.) The proof depends directly on (11). 

(13). In any cubic determinant, we may add to any layer (or section ; 
but wo< sheet) any multiple of any other layer (or section). For a detei-mi- 
nant with two layers (or sections) one of which is a multiple of the other, 
vanishes, by (3) and (4). (Gegenbauer, 1881.) 

(14). (o) A cubic determinant in which all of the elements in any one 
plane are zero except a single one, is equal to the product of that element 
and its co-factor. If all the elements in any plane are zero, the determinant 
vanishes. (Padova.) Proof by (11). 

(b) Conversely, the order of any cubic deteiminant, by the reverse 
process to (a), may be raised by any number. (Padova.) 

(c) A cubic determinant in which all the elements are zeros exceiit those 
in the principal diagonal plane and those in some one sheet (or section, or 
layer), is equal to the Scott's function formed from the elements in the principal 
diagonal plane, as they stand. For the terms given by the Scott's functions 
evidently enter, by Sec. 2 ; and no others can enter, as is seen by forming the 
minor of any element in the sheet (or section, or layer) whose elements are 
arbitrary. 

(15). Any cubic determinant of order n, is equal to the sum of the n cubic 
determinants formed by omitting from any one plane, in succession, all but a 
single line, no one being left twice and replacing the elements thus omitted by 
zeros. (Padova.) This is related to the theorem on expansion by minors. The 
proof is obvious either by (11), or by direct expansion by Sec. 2 into plane de- 
terminants (in case of rows or columns), or into Scott's fimctions (in case of 
files). 

(16). Laplace's Theorems are easily extended to cubic determinants. Let 
us take any cubic determinant, and split it into two arrays : one of q sheets (or 
sections, or layers), and the other of (n— ?) sheets (or sections, or layers). 
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Out of the first array let us form a cubic determinant of order q by striking 
out of it any (n—q) sections and any («— y) layers. Let us form the conju- 
gate determinant from the second array, by striking out of it those q sections 
and those q Ijiyers not stmck out of the first array, and prefixing to it the sign 
+ or — , according as the term which is the product of the elements in the 
principal diagonals of the two determinants is positive or negative in the com- 
plete expansion of the given determinant. The given cubic determinant ia 
equal to the sum of the products of every such pair of conjugate determinants 
that can be formed. (Gegenbauer, 1881.) The proof consists in expanding 
the given cubic determinant, and each of those in the result, into plane deter- 
minants by Sec. 2, and then applying Laplace's theorem to each of the resulting 
plane determinants of order n. 

In a manner analogous to (15) we have : Any cubic determinant is equal 
to the sum obtained by forming all possible cubic determinants by omitting 
from any q parallel planes, (n—q) planes of either other sort, and adding the 
results. (Of conrse, the absent elements are supplied by zeros.) 

Special and generalized forms of these theorems are obvious. From one 
such we see that : The product of any two cubic determinants of orders p 
and q is expressible as a cubic determinant of order (p+q), whoso principal 
diagonal consists of the principal diagonals of the two given determinants ; the 
position of the other elements being obvious from (16) . By aid of (8) , ( 13) and 
the above, the theorem of the next article may be proved in a manner analogous 
to that used in ordinary determinants. 

4. The Multiplication Theokbm. 

The product of any cubic determinant of order n and any plane determi- 
nant of order n, may be expressed as a cubic determinant of order n.* In 
forming this product determinant, we need merely replace each sheet of the 
given cubic determinant by a new sheet, the elements of which are formed 
from the array in the old sheet, and the array of the given plane detenninaut, 
in precisely the same way in which the elements in the product of two plane 
determinants are formed from the arrays which compose those determinants ; 
the same order being observed in each sheet. (Padova.) There are then four 

* It can be shown that the product of a determinant of class p (see the second foot-note in 
Sec. 2) and order n by a determinant of class q and order n is a determinant of class (p+g— 2) 
and order n. For a cubic determinant, p=3; for a j)Zane determinant 5=2; whence (p+j— 2) 
=3, and the product is a cubic determinant. 
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distinct methoda of multiplication, viz., those in which we combine: (1) 
Columns of the cul>ic determinant with columns of the plane determinant ; 

(2) Columns (of the cubic determinant) with rows (of the plane determinant) ; 

(3) Bows with columns', (4) Rows with rows. We give the proof of 
(1). The proofs of (2), (3) and (4), are exactly like it. Expand the given 
cubic determinant into n ! plane determinants, by columns, by Sec. 2 ; multiply 
each of these by the given plane determinant by the ordinary method <»f 
columns and columns. The result will be n ! plane determinants of order n, 
in which there stand identical columns wherever there were such in the origi- 
nal expansion of the given cubic determinant. Hence this sum is itself a cubic 
determinant of oi'der n, in which it is seen at once that the new elements are 
formed as stated in the above theorem. 

There is no similar theorem in which the word^fe replaces the word row 
(or column), for there is no development by files in Sec. 2 into ordinary de- 
terminants. 

It is now possible to multiply any cubic determinant by any plane deter- 
minant; for their orders may be made equal by (14), or by the similar rule in 
plane determinants. 

5. Invariants and Covariants. 

(a) Let us consider n forms, /i, ^si ■ • ■ , fny each of n variables 
a;, , Xj, . . ., «„; where the degree of each form is arbitrary. Let us define 
as the Hessian* of these forms, that cubic determinant of which the % th sheet 
is: 
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Then the Hessian of any such set of n forms in n variables, is a simul- 



* This nomenclature will caase no ambiguity. For when the number of forms is unity, the 
function reduces to a constant multiplied b; the ordinary Hessian. 
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taneous covariant of those forms.* (Gegenbauer, 1881.) To show this, let the 
Hessian Ite denoted by H. Let us perform upon the variables a linear trans- 
formation : 



Vj = h) «! + Z^- «2 + • • • +l,yj «„ ij = 1, 2, 

whose determinant 

'll> '21* • • • • > 'nl 



., n) 
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(2) 
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does not vanish. Having introduced these variables into each of the given 
forms, let us form the new Hessian, W, from the transformed forms, now re- 
garding the y's as variable, in place of the x's. We will show that 

H.jy' = ff'. (4) 

By (2) we see that 

_ _ a 
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, n). 



(5) 



Now by Sec. 4, the product HD is a cubic determinant whose ith sheet is 
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(i=l, 2, . . .,n) 

the multiplication being performed by rows and rows. This may be written 
by (5) in the form : 

* The generalization of this and of the following theorems to m dimensions, is obrioas and 
Important. It is hoped that the attempt at simplicity in this paper will justify leaving these 
theorems to be inferred by analogy. 
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J] {^A\ . U {A\ . . . 
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, n). 



Now let us form ff-D^, by multiplying the determinant ju8t found by 
D, by Sec. 4, the multiplication being perfoimed this time by columns and 
rows. By a reduction precisely similar to the above, the ith sheet becomes, by 
virtue of (5) : 
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But such a determinant is precisely H'. Hence (4) holds. Q. e. d. 

Since by (3), Sec. 3, any two sheets (or any number of them) may be 
identical without cnusing the determinant to vanish, the functions_/u/2» • • •» /« 
need not be distinct, but may have some duplicates among them.* In particu- 
lar, if all n/<yrms coincide their Hessian reduces to n ! times the ordinary 
Hessian of that form, by (5), Sec. 3. 

If all the forms are quadratic fornls, the form fi may be written : 



* When there are fewer than n forms, several slmaltaneous covariants of the forms can 
thus be written. It Is also to be remembered that a covariant of a covariant Is a covariant. 
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+ h<^xic^ + Ag>a^ + + A^>x,a;, 



+ 



+ hif>x,x, + h(§x^x,+ + hJSx'n'^ , 

where hjf. = Ajy. 

The determinant IT then has as its tth sheet the matrix of the coefficients 
At*' in the form^-. Hence the Hessian of n forms, ench quadratic in n variables, 
is the cubic deteiminant formed of the matrix of the coefficients of the forms 
as they stand ; and this is a simultaneous invariant of these given forms 
(Zehfuss.) As in the general case the forms need not be distinct, and when 
there are fewer than n distinct forms, there are several simultaneous invariants 
which can thus be formed. 

A single illustration will be given.* Let 

/= OijxJ + aj2Xia!4+ . . . + auXlX^ 

+ a-iiX-^i + + fhi"^* 

+ 

+ a^XiXi + + 044«J = 

be the equation of a quadric surface ; and let 

«f> = lxi + wixj + nxg +pXi = 

be the equation of a plane. Then let us take /,/,/, and <^* as our four (n = 4) 
quadratic forms. It follows that : 
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= H, (say). 



* The similar condition Cor a line tangent to a conic is r«adily obtainable. 
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is an inyariant of/ and <f>. But, by a suitably chosen linear transfoimation, 
we can reduce / to a sum of squares : /' = a'nx[ + a^i + a^i + a'Jc'^ = 0, 
and <f> goes into (f>' = l'x[ + mx^ + n'atj + p'x[ = 0. Whence ZT is a cubic de- 
terminant ill which the elements in the first three sheets are zeros, except 
the diagonals which are each a[i,a'„,a'^,a'^. Hence by (14) c. Sec. 3, 

■^ = 6 ^ ?''o»;« + m*a[ja'^'^ + n'*aua>;, +p' a'jjCi'^'^ ^ • 

But the vanishing of this expression is easily shown to be the necessary and 
sufScieut condition that the plane <fi' = be tangent to the 8ur£ftce f = 0. Since 
jETis invariant, it follows that 11= is thenecessary and sufficient condition that 
the given plane <^ = 6e tangent to the given quadric f= 0. This form of the 
condition is sometimes more convenient and symmetrical than that ordinarily 
given, to which it is of course equivalent. If l, m, n, p be regarded as the 
plane (or " tangential") coordinates of any plane in space, H=0 is the equa- 
tion of the quadric surface in plane coordinates. It is seen at once to be of 
the second degree. 

The process here used is applicable generally; i. e., in place of any of the 
forms fi, we may put any power of itself, or more generally still, any form 
which is a function of all the given forms. The Hessian will still be a simul- 
taneous covariant of the given set of forms. 

(6) Another general set of covariants can be produced as follows : Let 
fi'fii ' - .» /i be a set of n dw<inc< forms in n variables Xj.Xj, . . •, x„. Let 
us form the cubic determinant whose t th sheet is : 



dxi Sxi ' 
3xg dxi 


dfi dfi . 

3xi axj ' 

df S/i . 

' axj ax, ' 


. df df 

dxi dx„ 

. df, df 

* ' ' axj ax„ 




9x„ oxi 


. dfi df ^ 
' dx„ cXi ' 


. df df 

' ax„ dx„ 



(t = l, 2, 



,n). 



The cubic determinant thus formed will be a simultaneous covariant of the 
given forms, (von Escherich.) The proof is practically a repetition of that 
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given in (a), above, except that we iiave a product in place of a second deriv- 
ative. 

In case all of the forms /< are linear, this invariant is evidently the same 
as the Hessian of the squares of the forms, except fi>r the constant factor 2". 

(c) It is at once apparent that we may combine (a) and (b). Given 
any set of forms /J, ^, . . ., fn, in n variables Xj,X2, . . ., x„, let us form 
the cubic determinant by performing on any q of the forms (0 ^q^n) the 
Hessian operation (as I shall call the operation in (a)), to get q of the sheets 
of the cubic determinant ; and then performing on the remaining (n — q) forms 
the Product operation (as I shall call the operation in (6) ), to get the other 
(n — q) sheets of the cubic determinant. 

The cubic determinant thus formed will be a simultaneous covariant of the 
given forms. The proof consists in a repetition of the proofs given for (a) 
and. (6). 

It is to be noted that the forms upon which the Product operation is per- 
formed must be distinct from each other, here and in {b), as else the cubic de- 
terminant vanishes by (7), Sec. 3. 

The particular example under (a) can be regarded as formsd by 
the Hessian operation on f, three times, followed by the Product operation 
on <^, 

{d) Next, let any two sets of forms /T,/'". • • • •> /n and /<r,/<j', 
• • • •! f^n be given, and let us form the cubic determinant whose tthsheet is 



axi ax, ' 

dfP' dfP . 

5X2 2*1 


a/.") cfr . 


.a/i'" m" 


axi dXi ' 

axj axj ' 


dXi dXn 

. dfr dfr 
ax2 ax„ 




S/S" dfP . 

dXn SXi ' 


dfr W . 


. a/;"> a/r' 


dx„ axa ' 


ax„ ax„ 



(t = l, 2,3, ..., n). 



The cubic determinant thus formed will be a simultaneous covariant of the 
given forms, (von Escherich.) The proof is precisely as in (a), (6), or (c), ex- 
cept that we have to take into account now, that the layers and sections may 
be interchanged, by 1, Sec. 3. As in (6) and (c), we must avoid having 
two forms of the same set equal. But any number of forms of one set may 
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be equal to forms in the other set. I will call this operation, the Double 
Product operation. 

(e) As in (c) we may combine the operations of (a) , (b) ,(d). Thus having 

given any set of forms fi,/^, .... in n variables Xi,x^ a^n ^e may 

form a cubic determinant of which j sheets {O^q^n) are formed by the 
Hessian operation performed on any q of the given forms ; p sheets (0 ^p 
S: n — q) by the Product operation performed on any p of the given forms; 
and the remaining r (=n—p — q) sheets, by the Double Product operation 
performed on any two sets of r forms each, taken from the given forms ; and 
the cubic determinant thus formed will be a simultaneous covariant of the forms 
used.* The proof is the same as before. It is to be noticed that for particu- 
lar values of ^ and q, this theorem covers all the previous cases, (a), (ft), (c), 
(d). In forming the determinant, some of the forms may be identical and we 
need only be careful to make any of them distinct in case we desire to guard 
against the identical vanishing of the determinant, as in {b), (c), and (d). 



6 

( 1) . dotation. Let us denote by [a 6 c 
order n, in which the first sheet is : 



Analogy to Ordinary Products. 

. g] a cubic determinant of 



'''in ^i3i ^iSf » ^m 



''^nlJ ^nif 



tlie successive sheets merely changing the dominant letter. There are always 
n dominant letters, and of each of these there are n^ with different sub- 
scripts. 

(2) . /Some simple analogies. In ordinary algebra we have : ab = ba. 
Likewise here: [ofi] = [ba] by (2), Sec. 3, 



^. e. 



Oil. 


«13 






bu. 


bii 




««» 


ba, i,j 


= 


hu 


aij, an 




ftiii 


b^ 






Oji, 


^22 



*The generalization of tills theorem to m dimensions gives a very general theorem. It is 
believed that this is obvioas without the rather complex statement of it. 
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In ordinary algebra : (a + b)c = ac + be. 

Likewise here : [(re + J)c] = [ac'] + [6f] by (12), Sec. 3, 



I. e. 



«!! + bii, 


dli+bn 






"'u* 


an 




+ 


*11» 


bii 




Oil + ^ll, 






= 


«21» 


Cji, Cj2 


bii. 


Ci„ C,2 








Cjl. 


Cm 




^'sn 


C«2 



Laplace's theorem (see (16), Sec. 3) may evidently be stated for n = 4 as 
follows : 



2) [a6crf]=2 C«*]-M 



where 2 indicates the sum of all possible combinations such as that indicated. 
In the use of such forms, however, considerable care is necessary, and they 
are avoided in what follows. 

Any simple homogeneous algebraic formula is seen at once to have an an- 
alogue in cubic determinants. 

Take a« + 2oft + 6« = (a + b)K 

We have [aa] + 2 [oft] + [66] = [ (a + 6) (a +6) ] , 



I.e. 



«!!» 


a,j 






ail, 


«12 






*ii, 


hn 




«11 + *11, 


a,j + 6,j 




«21. 


«11» «u 


+ 2 


Oji, 


6n, 6i2 


+ 


b-ii. 


6i,» K 


= 


Osi+isi, 


«u + 6n, ai2 + 6ij 




«21 


► Om 






*«i, 


622 








Oji + ftsi.affl-l-ftss 



It is seen by (5), Sec. 3, that any square term gives a cubic determinant which 
degenerates into a plane determinant. Thus the above becomes : 



ail, ^n 



+ 



«n, 


«18 




Oji, 


611, 6ig 




*«i, 


ft« 



611, 612 




«11+ ill, «12 + ^2 


*21» ^22 





"21 + *21, ffla2 + *22 



Likewise \aa] — [66] = [(a — 6) (a +6)]. And so on. 

(3) In fact we may state at once a Law of Analogy : 

To any homogeneous formula in ordinary algebra there corresponds a 
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theorem in cubic determinants. Thia follows from the fact that we may start 

with the formulsB [aft] = [ha] 

and [ (a + 6)c] = [ac] + [be] 

and build up the cubic determinant theorem by methods exactly analogous to 

those used in ordinary algeltra. 

(4) Examples. Several examples follow, in each of which a direct veri- 
fication is easy. 

[ (x + y + 2)3] _ [X*] _ [y3] _ [^s] ^3 [ (y + 2) {z + x) {x + y) ]. 
Since each cute gives a degenerating cubic determinant, we get, by (5), Sec. 3 



I -Kii + yii + ^u ; a-'ij + yn + Zvi •■> ^n + yi3 + «i3 

2 x-ii + yji + ^21 ; a;.^ + y^ ■\-^^'i^^-\- y-js + ^ij 

•«3i + yat + ^si ; a;s2 + yss + ^aa ; ^-la + I/xi + ^ss 



-2 



-2 



•*''U > ^12 > ■''is 

a-'ji ; Xjj ; x.^ 

^31 > *3S > •''38 



yu ; ^12 ; y»s 
yai ; y« ; i/a 
i/s\ ' ysi 5 ys3 



^ii; 


^12 ; 


2lS 


^21 J 


2m 


228 


231 


2si 


2S8 



yii + 2,1 ; 

>/2i + 221 ; 
^31 + 231 ; 


Vn + 2l2 ; yi3 + 2,3 






2ll + •>^11 ; 2,2 + 05,2 ; 2,3 + 35,3 




221 + •''21 ' 

231 + i^'si ; 


•I'll + i/n ; a;ia + ^12 ; ajis + yi3 

^n + i/ii ; ^u + ^22 ; ^a + i/i3 








a;3i + .'/:« ; -^si + y.i2 ; -'at + ^33 



a rather interesting result, especially for some special values of the (x, y, zj's, 
and it is easily verified. 

The binomial theorem is interesting. We find : 

[(a + 6)»] = [a" ]+ n [a'>-'b] + "^'J7^^ [w'-'-A^] + . . . . 



n(n—l) 



(n-r+\) 



[a'-^fj'-] + 



+ !!il!^ [a«6"-*] + H [ai"-»] + [^'»], 



where n is of course integral. Whence by (5) and (6), Sec. 3, if we denote 
hy 'S^2-j) t^ie 8U™ of the . 
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plane determinants which can be formed 

(n-j)]j\ 

by substituting any^ rows of the pbme determinant of the matrix of the i's, 
for the corresponding y rows of the plane determinant of the matrix of the «'s ; 
and if we denote by D the determinant of the matrix of the {a + bya, then : 
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n:i)^n!(0+«((n-l)!a!^^,,)+!i(^((n-2)!2!^|L,,)+... 

. ^ »(»-!) •-(»-^+1) ((^,),hC-.))4- • ■■ + nliS-h, 
which reduces at once to 

X/ = 0(„) + 0(„_i) +••••+ 0(„_,.) +••••+ 0(i) + 0(0) , • 

a very peculiar result, which can be verified immediately. 
Similarly : 

[1 = 11 -I r-i = n -I j=n pi9t<=n — 1 -i 

n (a(0 + i(.)) = n (a«) +2 n (a»JW) + . . . 

1=1 J L <=i J ^=1 L j>£t=i J 

n ac) n 6w +....+ n (6«) , 

<=1 j=n— r J L<=1 J 

where, as usual, 11 denotes a product and 2 a summation. This of course in- 
cludes the last example. It also includes the case where aW = «(!) for all 
values of i. This gives : 

rn(ffl + 6('))"|=ra»1 + "'i" fa"-' &(•'■) "1+ . . . + 2 Fa'— »• ■'F (60)) 1 

+ •...+ 2 fa '"rf '(fiO))! i-r'n" (6W)1. 

Let us now specialize the 6's.* Let the cubical detei-minant D = 

n (a + 6<'>) have each plane identical with the matrix of a's, except that in 

the ith sheet, the iih column (or row) is multiplied by (1 + A) . Then the cubic 

det(!rmiiiant 11 (6(«)) will have all its elements equal to zero, except that in 

the ^ th sheet, the ith row is h times the corresponding row in [a"] = 2)' (say) . 
Wc find at once by (5) and (6), Sec. 3 : 

D-D' I 1 + -. l__(n-l) lh + ...+- \-,-^(n-rl)h'-+ ...+ —. h'^ I 

i (n — l)!!!"- '' ^ ■ (n— r)!r!^ ' n\ 5 

( 1 ! 2 ! rl n ! ) 

* I owe this particular example to F. B. Scott (Proc. Lond. Math. Soc., xm), whose proof, 
of course, differs from mine. 
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Whence 

another peculiar result. 

7. Extension to m Dimensions. 

It is to be noticed that in extending these theorems to a determinant of 
class m {i. e. in m dimensions) no difficulty is experienced since onr arrays 
do not really depend upon the geometrical form which we have so far given 
them. But the use of such determinants becomes more complicated as the 
possibility of geometrical representation of the matrix ia lost. 

The theoiems themselves are easily suggested by those here given, and by 
the ordinary theorems in plane determinants. The proofs are usually easy, 
either directly, in the case of iiny particular dimension, or by a process of 
mathematical induction, in general, the determinant of class m being defined, 
as in the second foot-note in Sec. 2, as the sum of n ! determinants of class 
(m-1). 

It is noticed immediately that any determinant whose class is even is 
symmetrical with respect to all 2p dimensions. But a determinant of odd 
cliiss (e. g. a, cubic determinant) isunsymmetrical with respect to one dimension, 
but symmetrical with respect to the remaining 2p dimensions. 

A determinant whose class is unity is evidently an ordinary product. It 
is interesting to notice that all general rules for m dimensional determinants 
apply to products when m = 1. This in fact accounts for the analogy between 
cubic determinants and ordinary products, mentioned in Sec. 6, and formed 
the basis of a great part of the work in this paper . 

We see at once thiit this same relation of analogy holds for any odd- 
dimensional determinant, for similar reasons. It is, perhaps, less interesting to 
notice that a similar relation of analogy holds between plane determinants (or 
in fact any determinants of even class), and the algebra of "alternate num- 
bers," these alternate numbers having been defined, by Cliflbrd, exactly so as 
to satisfy the laws of ordinary determinants.* 
CAMBniDOB, Mass., April, 1899. 

• Compare this fact with the ase made of alternate numbers by F. R. Scott, Theory of De- 
terminanCs. 



